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The generalization of the Vafa- Witten theorem ruling out parity violation to QCD at finite temper- 
ature is considered. It is shown that this generalization of the theorem rules out Lorentz-invariant 
parity violating operators from spontaneously acquiring vacuum expectation values. However, it 
does not rule out Lorentz-noninvariant parity-violating operators from acquiring expectation values. 
Other situations where the theorem is inapplicable are also discussed. 
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More than 15 years ago Vafa and Witten constructed 
a very simple and elegant argument based on functional 
integrals that QCD cannot spontaneously break parity 
JjJ . This so-called Vafa- Witten theorem has assumed in- 
creased importance over the years since the argument 
appears to be essentially unchanged when generalized to 
a finite box size in the temporal direction and hence im- 
mediately applies to QCD at finite temperature. This 
is of potential significance in the physics of relativistic 
heavy ion physics since it implies that the high temper- 
ature phase of QCD cannot spontaneously break parity. 
Thus suggestions that a high temperature parity violat- 
ing phase might be created in heavy ion collisions |^] 
are restricted to considerations of metastable phases or 
phases that occur at finite baryon density. If there was 
no Vafa- Witten theorem, the possibility of a stable par- 
ity violating phase at high temperature would require 
serious consideration. Proposed signatures in heavy ion 
collisions for a parity violating phase in QCD are 
applicable regardless of whether the phase is stable or 
metastable. 

The purpose of the present letter is to clarify the sta- 
tus of the Vafa- Witten theorem for finite temperature. 
It will be shown that the generalization of the Vafa- 
Witten theorem to finite temperature is nontrivial and 
that while the theorem forbids Lorentz invariant purely 
gluonic parity violating operators from acquiring expec- 
tation values, it does not imply that Lorentz-noninvariant 
parity-violating operators must have vanishing expecta- 
tion values. Thus spontaneous parity violation at finite 
temperature has not been ruled out. Additional situ- 
ations where the theorem does not apply will also be 
discussed. In particular as noted in ref. the theo- 
rem does not generally apply to operators which contain 
quark bilinears. 

Let us begin with a brief recapitulation of the Vafa- 
Witten argument. The problem is formulated in terms 
of a Euclidean space functional integral. The expectation 
value of an operator, O is given by (O) = y dl °e,(z(X)) 
where V is the volume of space-time; Z(X), the generat- 



ing function, is given by 

Z{\) = J d[A] Dct[p - to] e- SYM e" / ** xo W (1) 

where Sym is the action for the pure Yang-Mills theory, 
and the functional determinant is the result of integrating 
out the quarks. 

One key ingredient to the Vafa- Witten proof is that 
both the functional determinant and e~ s ™ are real and 
non-negative Q. The second key ingredient is that the 
only way to create a parity-violating Lorentz scalar op- 
erator out of gluons is by combining gluon fields and co- 
variant derivatives with an odd number of the full anti- 
symmetric epsilon tensor. An example of such an oper- 
ator is F^F^ = l/2e^ Q/3 'F^F af) . Such a construc- 
tion necessarily yields an operator that is purely imagi- 
nary when analytically continued from Minkowski space 

to Euclidean space. Thus, the factor e~ J d xAO(x ) must 

be replaced by e 1 ^ d xX °^ which is a pure phase. Such 
a phase factor in an integration over a positive definite 
measure can only reduce the integral from what it would 
have been had the phase factor been unity; Z{\) is max- 
imal for A = 0. The generating function, Z{\), can be 
expressed as Z(X) — e~ v£ ( ' where £(A) is the energy 
density for the system including the perturbation — iXO. 
Thus £ (A) is a free energy and the fact that Z{\) is max- 
imal at A = implies that the free energy is a minimum. 

The free energy density near A = is given by £{X) — 
£(0) + X(0)\ = q. If (O) were to have a non- vanishing 
vacuum expectation value at A = 0, it can have either 
sign (since it is odd under parity which by hypothesis is 
broken) and thus regardless of the sign of A the theory 
can choose a vacuum state for which A(0)a=o < 0. This 
implies that if (0)a=o 0, then for small A there exists a 
state with lower free energy than for A = 0, in contradic- 
tion to the general proof that £(A) is a global minimum 
at A = 0. Thus (O) = for all purely bosonic parity 
violating operators. 

Before proceeding, a few comments should be made. 
The first is that the identification of £ as a free energy is 
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nontrivial. The perturbation added to the system when 
including the AO term is at the level of the Lagrangian 
and not the Hamiltonian. Since the operator, O contains 
time derivatives the presence of the AO term alters the 
definition of the canonical momenta in QCD. For this rea- 
son £ is not equal to (Tt + AO) (where H is the canonical 
QCD Hamiltonian density (with A = 0). Nevertheless £ 
is clearly the appropriate free energy density in the sense 
that in Minkowski space (O) = — d£ g^ ■ The fact that 
the free energy density is not (H + AO) explains why 
£ (A) is not a maximum at A = in spite of the general 
result that a linear perturbation to the Hamiltonian for 
an operator with zero expectation value always lowers 
the energy. 

Reference [jjj was a bit cavalier in its treatment of 
limits. Symmetries cannot be spontaneously broken 
for finite systems. Usually one considers a finite but 
spatially large system (of 3- volume V spa _ cc ) and then 
adds a symmetry-breaking perturbation to the system 
of strength A. The system spontaneously breaks pro- 
vided that an intensive symmetry-breaking operator has 
a non- vanishing expectation value in the limit A — » 0, 
Kipace — > oo with the infinite volume limit taken first. 
Now the Vafa-Witten argument makes use of a small A 
limit i.e. a linear relation in the energy density and the 
source. However, if the A — > and V spacc — > oo do not 
commute, it remains conceivable that the linear expres- 
sion is not valid in the infinite volume limit. For example, 
one might imagine that for small A and large Kj Pace that 
the free energy density is of the following form: 

£(X) =£o + ^VspL+jX 2 (2) 

where a, (3 and 7 are positive constants. Such a form 
has a minimum at A = for any volume; in the infi- 
nite volume limit, however it develops a kink indicating 
spontaneous symmetry breaking. The possibility of an 
energy density of the form of Eq. (^) seems to indicate a 
loophole in the Vafa-Witten proof. However, on physical 
grounds, one can rule this form out. In typical cases of 
spontaneous symmetry breaking the form analogous to 
Eq. (^) (but with a minus sign) emerge as the lowest- 
lying state when a level crossing occurs at A = 0. (For 
finite systems, the level crossing is avoided by a small 
interaction between the two vacua which give rise to the 
a ^spacc term in the square root.) While such a situation 
can easily arise at a relative maximum in £(A) plainly it 
cannot at a global minimum since one of the levels has 
to pass under the other. Thus, this apparent loophole in 
the Vafa-Witten argument is closed. 

Let us consider the generalization of this argument 
to finite temperature. The functional determinant is 
simply replaced by a functional determinant over a fi- 
nite spatial extent, r, which is the inverse temperature, 
and appropriate boundary conditions are imposed (peri- 
odic for gluons, anti-periodic for quarks). The fermion 



determinant remains manifestly non-negative and hence 
the Vafa-Witten argument goes through unchanged: no 
Lorentz invariant parity violating operator can acquire a 
vacuum expectation value. However, this does not rule 
at parity violation at finite temperature even for pure 
gauge theory. 

The heat bath has a rest frame and thereby violates 
Lorentz symmetry. This introduces a 4-vector, the 4- 
velocity into the problem. Thus, at finite temper- 
atures, it is possible for Lorentz non-invariant opera- 
tors to have non-vanishing expectation values. More- 
over, unlike the Lorentz-invariant parity- violating op- 
erators considered by Vafa and Witten one can easily 
find Lorentz-noninvariant parity-violating scalar opera- 
tors which do not pick up a factor of i when analyt- 
ically continuing from Minkowski to Euclidean space. 
Eamples of such operators include tr[(£) x B) ■ B) and 
tr[(£> x E) ■ E] where the trace is over color. The forms 
for these operators clearly are not manifestly covari- 
ant. However, such operators can be expressed covari- 
antly in terms of and the four-velocity of the heat 
bath. For example in the rest frame of the heat bath, 
tr[(D x E)-E]= e af3 ~< s tr[D a F 1< :F Sc { > }upu £ u' : l'. Since these 
operators are purely real in Euclidean space one cannot 
show that their inclusion as a source must decrease the 
generating function. Thus the Vafa-Witten theorem does 
not apply for such operators and one cannot rule out the 
possibility that these operators spontaneously acquire ex- 
pectation values at finite temperature. 

Apart from the generalization to finite temperature, 
the validity of the Vafa-Witten theorem has recently been 
called into doubt. The basic argument of Vafa and Wit- 
ten described above is cast in terms of expectation values 
of purely bosonic parity-violating Lorentz scalar opera- 
tors. In a footnote, they argue that the analysis gener- 
alizes to operators containing quark bilinears. This gen- 
eralization has been questioned in connection with the 
so-called Aoki phase of lattice regularized QCD with Wil- 
son fermions at non-zero lattice spacing || which breaks 
both parity and flavor. While the Aoki phase is clearly a 
lattice artifact, the assumptions used to derive the Vafa- 
Witten theorem appear to be valid in lattice QCD with 
Wilson fermions. It is clear that the loophole allowing 
for the Aoki phase is fairly general. (As will be discussed 
below, examples can be found where continuum QCD 
exhibits parity violation.) As discussed in Ref. Q this 
loophole can be traced to the generalization of the theo- 
rem to operators including quarks. 

Consider the case of parity-violating scalar operators 
that include fermion bilinears. In the original Vafa- 
Witten paper, it is argued that when one integrates out 
the fermions the operator becomes a purely bosonic op- 
erator and the previous argument applies [Q. Thus, for 
example, if O = 92759, then upon integrating out the 
quarks O becomes tr^sS^a;, x)] where Sa is a quark 
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propagator in the presence of the gluon field configura- 
tion. This operator is a functional of A only. 

However, there is clearly something wrong with this 
argument. There are several counterexamples for which 
the functional integral measure is strictly nonnegative 
but parity-violating operators constructed from fermion 
bilinears have non- vanishing vacuum expectation values. 
One case is QCD with strictly zero quark masses for two 
flavors. In this case, the theory has no explicit chiral sym- 
metry breaking. Spontaneous chiral symmetry breaking 
means, however, that a source of the form Xqi^T a q will 
cause a vacuum expectation value for qij^T a q, even in the 
limit A — > 0. A second counterexample is QCD at finite 
isospin density ||. If an isospin violating chemical po- 
tential term, nq^foj^r^q is added to the QCD Lagrangian, 
then for > m n , the system will acquire an s-wave pion 
condensate so that (qi'jsTi^q) is nonzero. This occurs de- 
spite the fact that with a finite chemical potential, the 
fermion determinant is real and nonnegative ]9| . A third 
example is the Aoki phase mentioned above. 

The problem with the extension of the Vafa-Wittcn 
theorem to operators containing fermion bilinears has 
been identified in connection with the Aoki phase j|. 
The bosonic operator obtained after integrating out the 
fermions is either not purely imaginary or is ill defined 
j| . More generally, it is easy to see that the addition of 
sources containing quark bilinears and of strength A do 
not necessarily imply that Z(X) is a maximum at A = 
but is often a minimum. The same considerations inval- 
idate the theorem for the other counterexamples. Con- 
sider, for example two-flavor QCD at zero quark mass 
with a perturbation of the form Xqi^T a q. Upon inte- 
grating out the quarks, the effect on the functional inte- 
gral of the inclusion such a perturbation is completely 
contained in the functional determinant. It becomes 
Det[_p — iA75T a ], which may be expressed naturally in 
terms the eigenvalues of the If) operator. It is simple to 
see that if ipj is an eigenstate of Ifi with eigenvalue iej 
then T a 75'0j is also an eigenstate but with eigenvalue of 
— e,-. From this, it is straightforward to write the func- 
tional determinant as 

Bet[p - iA 75 r a ] = f](e 2 + A 2 ) (3) 
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where the product is evaluated over a single flavor and 
the effect of two flavors is included in the square. From 
the form of Eq. (Q) it is immediately apparent that 
Dct[-p — iA75T a ] has a minimum at A = which in turn 
implies that Z(X) has a minimum at A = 0. The situ- 
ation for QCD at finite isospin density is analogous. It 
is not surprising that the inclusion of fermion bilinears 
gives a Z(X) with a maximum at A = rather than a 
minimum. Unlike in the case of purely bosonic opera- 
tors, perturbations proportional to the parity violating 
fermion bilinears considered here do not alter the def- 
inition of the conjugate momenta. Thus, they act as 



linear perturbations on the Hamiltonian as well as on 
the Lagrangian and, hence, by very generally variational 
arguments always lower the free energy density. 

The Vafa-Witten theorem has also been questioned at 
a more fundamental level. Azcoiti and Galante recently 
argued that the Vafa-Witten proof implicitly depends 
on the existence of a well-defined free-energy density for 
small external parity violating perturbations, and that 
this implicit assumption is, in fact, not true in the pres- 
ence of spontaneous parity violation 0]. As the ther- 
modynamic limit plays a central role in the analysis, 
the four-volume V will be explicitly denoted through- 
out. The key theoretical tool used in their analysis is 
the probability distribution function for the operator O 
defined as 

P(6,v) = 

Z-\0,V) J d[A]Det[0 ~ m]e- s ™ 5{0(A) -6) (4) 

where O(A) = V^ 1 J d 4 xO and Z(X,V) is the gener- 
ating function. By construction P(<D, V) is the proba- 
bility that a configuration removed at random from the 
functional integral will have O(A) = O. The generating 
functional Z(X, V) may be expressed as an integral over 

p(6,vy. 

Z(X,V) = Z{0,V) J dOP(0 7 V)e- lXv6 (5) 

O is an intensive operator; in the thermodynamic limit, 
the probability distribution function will develop a delta 
function. If the symmetry is broken, two delta functions 
will develop; one at positive value and one at negative 
value. Denoting the expectation value of the operator in 
the symmetry broken phase as a, one has 

lim P(6,V) = h(6-a) + \s{6 + a) (6) 

V -^oo Z Z 

Azcoiti and Galante show that whenever the symmetry 
is spontaneously broken in the sense of Eq. (||), Z(X, V) 
passes from positive to negative an infinite number of 
times as A is varied at fixed V. This in turn implies that 
£ = — y log (Z(X, V)) is not well defined since the log has 
multiple branches. 

In Ref. H it was argued that the nonexistence of a 
well-defined free energy density for the case of sponta- 
neous symmetry breaking invalidates the proof of the 
Vafa-Witten theorem. The proof implicitly makes use 
of the existence of a well-defined free energy (for exam- 
ple when writing E (A) = £(0) + A(C)a=o); the nonexis- 
tence of well-defined free energy apparently invalidates 
the proof of the Vafa-Witten theorem. However, the ar- 
gument of Ref. H can be turned on its head: since Az- 
coiti and Galante have shown that spontaneous symme- 
try breaking in the sense of Eq. (^) implies an ill-defined 
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free energy, the existence of a well-defined free energy is 
equivalent to proving that there is no symmetry breaking. 
It may be argued that the assumption of a well-defined 
free energy is quite innocuous, in which case it trivially 
follows that such operators cannot spontaneously break 
parity. Whether this assumption is generically true is 
a delicate technical question that will not be addressed 
here. It should be noted, however, that the inapplicabil- 
ity of the Vafa-Witten theorem to Lorentz non-invariant 
operators at finite temperature, and to operators con- 
structed from quark bilinears discussed above, is indepen- 
dent of the validity of the assumption of a well-defined 
free energy. 

In summary, it has been shown that the Vafa-Witten 
theorem does not generally rule out parity breaking at 
finite temperature. Parity violating but Lorentz non- 
invariant operators are not precluded from spontaneously 
acquiring expectation values at finite temperatures. Of 
course, the fact the Vafa-Witten theorem does not forbid 
parity breaking at finite temperatures does not mean that 
it is likely to occur. On the whole, one expects that par- 
ity breaking at finite temperature to be rather unlikely 
since generically one expects a high temperature phase to 
be less ordered than a low temperature phase. However, 
QCD is in many respects a quite unusual theory and the 
possibility of parity breaking at finite temperature should 
be seriously considered. 
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